Simulating particles in Stokes flow  by Götz, Thomas
Journal of Computational and Applied Mathematics 175 (2005) 415–427
www.elsevier.com/locate/cam
Simulating particles in Stokes ﬂow
Thomas Götz
ICTP Trieste, Strada Costiera 11, I-34014 Trieste, Italy
Received 11 August 2003
Abstract
We consider low-Reynolds number ﬂow past an ensemble of particles. The singularity method is applied to rep-
resent the ﬂow ﬁeld. The strength and positions of the poles of the fundamental solution are obtained by minimizing
theL2-error in the boundary conditions. Numerical simulations are carried out for ensembles of spheres immersed
in a uniform or shear ﬂow to illustrate the applicability and accuracy of the method.
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1. Introduction
The interaction of particles with a slow, viscous ﬂuid plays an important role in a variety of applications
like swimmingmicromachines [14], ﬁber-reinforcedpolymers [2,9,10], colloids [1,17,22–24] andbioﬂuid
dynamics [13,19,21]. To solve the Stokes equations analytically as well as numerically, the singularity
method [3,4,7,8,12,15,16] has received great attention over the last decades. The singularity method is
a technique for solving linear elliptic boundary value problems and belongs to the class of so-called
boundary methods. Like the boundary element method (BEM) it is applicable if the fundamental solution
of the underlying differential equation is known. The singularity method shares the same advantages as
BEM over the traditional domain discretization methods like FEM. However, it has the advantage over
BEM that it does not require the complicated calculation of singular or almost singular integrals over the
boundary of the domain. Since the singularities are placed outside the domain in question, the resulting
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integrals are regular. Furthermore, the singularity method leads in general to a nonlinear minimization
problem for the position and strengths of the fundamental solutions; a problem for which a huge amount
of readily available numerical methods exist, see [18] and references therein.
We consider an ensemble of m particles i ⊂ R3 immersed in a viscous ﬂuid occupying the domain
0 = R3\⋃mi=1i . The particles are disjoint and assumed to be star-shaped, i.e., y = qi + i(x) x ∈ i
for x ∈ S2. With each particle i we associate its
• center of mass qi ,
• translation velocity q˙i ,
• angular velocity i ,
• mass mi and
• moment of inertia Ji .
The velocity on the surface of the ith particle is given by vi(y)= q˙i + i × (y − qi) for y ∈ i .
The ﬂuid is described by the incompressible Stokes equation
∇ · u= 0, (1a)
∇p = u, (1b)
where we assume at inﬁnity a free-ﬂow velocity u(x)→ u∞(x). On the surface of the immersed particles
we prescribe the no-slip boundary conditions
u(y)= vi(y)= q˙i + i × (y − qi) (2)
for y ∈ i and i = 1...m.
If the ﬂow exerts a force fi and a torque gi onto the ith particle, then the dynamics of this particle is
governed by
mi
dq˙i
dt
= fi, (3a)
Ji
di
dt
= gi. (3b)
Integrating Eq. (3) allows us to track the particle positions and their rotational motion.
The paper is organized as follows. In Section 2, we shortly introduce the fundamental solutions used
to represent the ﬂow ﬁeld and consider the error in the boundary conditions. Section 3 describes the
numerical methods applied to minimize the error functional. Numerical results of the proposed method
are presented in Section 4. We compare our numerical solution with available theoretical results to
illustrate the accuracy of the method and extend the simulation to situations where theoretical results still
lack.
2. Fundamental solutions to Stokes ﬂow
The ﬂow itself will be represented by a collection of n fundamental solutions placed within the
particles, see [3,4,16]. To satisfy the boundary conditions we employ different types of fundamental
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solutions S(l) like
• the Stokeslet corresponding to a point force at the origin
S(0)(y)= I‖y‖ +
yy
‖y‖3 , (4a)
where I ∈ R3×3 denotes the identity matrix and (yy)ij = yiyj ∈ R3×3 is the dyadic product,
• the Doublet corresponding to a force dipole at the origin
S(1)(y)=− I‖y‖3 + 3
yy
‖y‖5 (4b)
and
• the Rotlet (or couplet) corresponding to a point torque at the origin
S(2)(y)= 1‖y‖3
( 0 y3 −y2
−y3 0 y1
y2 −y1 0
)
. (4c)
The position of the pole of the kth fundamental solution of type (l)will be denoted by z(l)k and 
(l)
k denotes
its strength. Using the superposition principle, we obtain the following representation for the ﬂow ﬁeld
in terms of the positions and strengths of the used fundamental solutions
u(x)= u∞(x)+
n∑
k=1
∑
l
S(l)(x − z(l)k )(l)k . (5)
This ﬂow exerts a force
fi =−8
∑
z
(0)
k ∈i
(0)k (6a)
and a torque
gi =−8

 ∑
z
(2)
k ∈i
(2)k +
∑
z
(0)
k ∈i
(z
(0)
k − qk)× (0)k

 (6b)
onto the ith particle.
To determine the positions and strengths of the singularities we consider the functional
(z, )=
m∑
i=1
∫
i
‖u(y)− q˙i − i × (y − qi)‖2 dy
=
n∑
i=1
∫
i
∣∣∣∣∣
∣∣∣∣∣u∞(y)+
n∑
k=1
∑
l
S(l)(y − z(l)k )(l)k − q˙i − i × (y − qi)
∣∣∣∣∣
∣∣∣∣∣
2
dy (7)
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corresponding to theL2-error in the no-slip boundary conditions.Minimizing this functional with respect
to the position vector z and the strength vector  yields the distribution of fundamental solutions, that
satisﬁes the boundary conditions best.
3. Algorithm
To evaluate the functional  numerically, we replace the integration over the surfaces i by a suitable
numerical quadrature with nodes yp and weights wp for p = 1...np and obtain
(z, )=
m∑
i=1
2i
np∑
p=1
∣∣∣∣∣
∣∣∣∣∣u∞ +
n∑
k=1
∑
l
S(l)(qi + yp − z(l)k )(l)k − q˙i − i × yp
∣∣∣∣∣
∣∣∣∣∣
2
wp. (8)
Minimizing  with respect to , we obtain a system of linear equations for the strength vector 
∇(z, )= 0. (9)
Inserting (8) into Eq. (9) yields
M
(l)
jk k = b(l)j , (10a)
where
M
(l)
jk k =
m∑
i=1
∑
p
wpS
(l)(qi + yp − z(l)j )
n∑
, k=1
S()(qi + yp − z()k )()k , (10b)
b
(l)
j =−
m∑
i=1
∑
p
wpS
(l)(qi + yp − z(l)j )(u∞ − q˙i − i × yp). (10c)
With respect to the positions z, the conditions for a minimum of  yield
	(z)= ∇z(z, )= 0. (11)
This system of nonlinear equations is solved using a Newton-iteration with backtracking, see [18]. Given
a set of nonlinear equations 	(z) = 0, we consider the iteration zk+1 = zk + 
/(1 + ) with >1. The
descent direction 
 is computed by 
=−(∇z	(zk))−1	(zk). If zk+1 decreases |	|2, we accept the step.
If not, we increase .
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Altogether we obtain the following algorithm:
Choose >1 {eg., = 10−3}
Choose initial guess z0 for z
Solve ∇(z0, 0)= 0 for 0
Compute 0 = (z0, 0)
while not yet converged do
Solve D2z(zk, k) 
=−∇z(zk, k) for 
 {D2z denotes the Hessian}
Set zk+1 = zk + 
/(1+ )
Solve ∇(zk+1, k+1)= 0 for k+1
Compute k+1 = (zk+1, k+1)
if k+1k then
Reject zk+1, k+1 and k+1
Increase {eg., = 10 · }
else
Accept zk+1, k+1 and k+1
Decrease  {eg., = /10}
end if
end while
The algorithm is implemented in MatLab.
A similar method was used in [7], but there the positions of the singularities were ﬁxed in advance.
Furthermore, the error in the boundary conditions was only considered in s discrete points located on the
surface of each particle rather than theL2-error we are using for the functional . Zhou and Pozrikidis
[24] also propose a similar approach to simulate viscous ﬂow past a single particle, however with a limited
number of degrees of freedom to move the poles of the singularities.
4. Numerical results
In this section, we present some numerical results and testcases to validate the accuracy of the proposed
method.As a simpliﬁcation, we restrict to spheres with radii i . In this case, the velocity on the surface of
the ith sphere is given by vi(y)= q˙i +× y. The integration over the surface of the spheres is performed
using theC-60methodwithnp=60 equalweightednodes located at the vertices of a truncated icosahedron.
For details of the C-60 method we refer to [6,11].
4.1. Sensitivity to the initial guess
The used minimization algorithm requires an initial guess z0 for the positions of the singularities.
However, the convergence of multidimensional minimization algorithms relies heavily on the quality of
this initial guess. In the case of only one singularity of each type inside a sphere, we can choose the center
of the sphere as a reasonable initial guess. If more than one singularity has to be placed within a sphere,
we distribute them symmetrically around the origin.
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Fig. 1. Simulation with random initial guess. Lines indicate the median of the error in the force (‘– –’), position (‘· · ·’) and
functional (‘—’). Symbols indicate the 95%-percentile of the error for the force (‘+’), position (‘♦’) and functional (‘©’) and the
maximal error for the force (‘·’), position (‘∗’) and functional (‘’). The dash–dotted line (‘– ·’) indicates the average number
and the symbol (‘$’) the maximum number of iteration steps during the minimization. Data sampled in 200 simulations for
each value of the offset r.
Fig. 2. Considered geometry.
To investigate the dependence of the solution on the initial guess we consider one sphere in a uniform
ﬂow. The exact solution consists of a Stokeslet and a doublet placed at the center with strength (0)exact =
−34 u∞ and (1)exact = 14 3u∞. As an initial guess we choose the positions z(l)0 randomly inside  such
that ‖z(l)0 ‖r for some r < . Fig. 1 shows the median, the 95%-percentile and the maximum of the
relative error of the force ((0) − (0)exact)/(0)exact, the position z(0) and the functional  versus the “offset”
r of the initial guess. In addition the average and maximum number of iteration steps is plotted.
The good convergence behavior of the method even for initial guesses that are far from the optimum
is clearly visible from these results. The median as well as the 95%-percentile are almost independent of
the initial guess. Only the maximal errors show some outliers, and explanation for this is still lacking.
4.2. Drag correction factor for two spheres
Two spheres of equal radius  and distance d between their centers are placed inline with the free
stream velocity u∞, see Fig. 2 although shown there for three spheres. Placing n Stokeslets and doublets
within each sphere, we compute the drag correction factor =−8/(6u∞), i.e., the ratio between
the actual force acting on each sphere and the force acting on a single sphere, depending on the separation
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Table 1
Drag correction factor for two spheres using n sets of singularities. The deviation from the analytic result and the value of the
error functional are also listed
n= 1 n= 4
d/(2)  JS−JS [%]  
JS−
JS
[%] 
16 0.9553 1.047 · 10−16 1.018 · 10−9 0.9553 3.219 · 10−4 5.197 · 10−6
10 0.9304 1.421 · 10−5 1.711 · 10−8 0.9304 8.969 · 10−5 3.569 · 10−6
8 0.9145 5.160 · 10−5 6.516 · 10−8 0.9145 7.024 · 10−6 3.338 · 10−6
6 0.8895 2.803 · 10−4 3.630 · 10−7 0.8895 3.771 · 10−4 2.978 · 10−6
5 0.8706 8.952 · 10−4 1.070 · 10−6 0.8706 6.025 · 10−4 1.626 · 10−6
4 0.8441 3.498 · 10−3 3.964 · 10−6 0.8441 4.242 · 10−4 1.560 · 10−6
3 0.8046 1.964 · 10−2 2.053 · 10−5 0.8047 3.021 · 10−3 4.700 · 10−6
2.5 0.7769 4.730 · 10−2 5.567 · 10−5 0.7772 3.356 · 10−3 3.523 · 10−6
2 0.7411 1.517 · 10−1 1.744 · 10−4 0.7422 1.000 · 10−2 1.160 · 10−5
1.75 0.7194 2.770 · 10−1 3.252 · 10−4 0.7213 1.953 · 10−2 2.665 · 10−5
1.5 0.6947 5.129 · 10−1 6.185 · 10−4 0.6981 3.061 · 10−2 3.939 · 10−5
1.3 0.6728 7.979 · 10−1 1.018 · 10−3 0.6780 2.715 · 10−2 4.655 · 10−5
1.2 0.6611 9.659 · 10−1 1.272 · 10−3 0.6674 2.845 · 10−2 4.844 · 10−5
1.1 0.6491 1.136 1.524 · 10−3 0.6565 1.477 · 10−2 1.751 · 10−5
1.05 0.6431 1.201 1.622 · 10−3 0.6488 3.191 · 10−1 4.731 · 10−4
1.01 0.6382 1.246 1.671 · 10−3 0.6442 3.180 · 10−1 4.666 · 10−4
1 0.6370 1.249 1.677 · 10−3 0.6431 3.178 · 10−1 4.637 · 10−4
parameter d/(2). Stimson and Jeffery provided in [20] the analytic solution
JS = 23 sinh 
∞∑
k=1
k(k + 1)
(2k − 1)(2k + 3)
[
1− 4 sinh
2(k + 12 )− (2k + 1)2 sinh2 
2 sinh(2k + 1)+ (2k + 1) sinh 2
]
, (12)
where cosh = d/(2).
Table 1 shows the obtained solution for n = 1 and 4 Stokeslets and doublets within each sphere and
separation parameters ranging between d/(2)=16 (spheres nearly independent) and d/(2)=1 (contact
between the spheres).
For this wide range of separation parameters the method works remarkably well. Convergence is
achieved within a maximum of 10 optimization steps for n= 1, the relative error between the analytical
drag correction factor and the numerical one is at most 1.249% and the least-squares error is reduced at
least to 1.677 · 10−3 in the case of contact between the two spheres. Using n = 4 pairs of singularities
inside each sphere leads to a drastic reduction of the errors. The drag correction factor is computed upto
0.32% and the least squares error is reduced 4.731 · 10−4, a reduction by a factor 3.6 compared to one
pair of singularities. This improvement is especially pronounced for small separation parameters. For
large separation, the solution is not improved using more singularities per sphere. This can be explained
by recalling that for d/(2) large, the spheres are almost independent and for a single sphere only one
singularity placed in the center yields the exact solution.
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Table 2
Drag correction factors for m spheres using n = 1 set of singularities. The drag correction factors for the left most o and the
center c sphere are listed
m= 3 m= 4 m= 5 m= 6
d/(2) o c o c o c o c
16 0.935 0.912 0.923 0.893 0.914 0.875 0.907 0.863
10 0.901 0.865 0.884 0.838 0.871 0.812 0.862 0.796
8 0.881 0.835 0.860 0.804 0.846 0.774 0.835 0.756
6 0.849 0.789 0.825 0.752 0.809 0.717 0.796 0.697
5 0.826 0.755 0.800 0.715 0.782 0.677 0.769 0.655
4 0.795 0.707 0.767 0.664 0.748 0.623 0.734 0.601
3 0.751 0.636 0.722 0.591 0.702 0.549 0.687 0.526
2.5 0.722 0.586 0.692 0.541 0.672 0.500 0.657 0.478
2 0.688 0.520 0.658 0.479 0.638 0.440 0.623 0.419
1.75 0.668 0.480 0.639 0.441 0.620 0.404 0.605 0.385
1.5 0.647 0.431 0.620 0.396 0.600 0.365 0.587 0.347
1.3 0.632 0.382 0.605 0.356 0.587 0.330 0.573 0.314
1.2 0.626 0.352 0.600 0.332 0.581 0.314 0.567 0.298
1.1 0.623 0.318 0.593 0.309 0.578 0.297 0.562 0.283
1.05 0.621 0.300 0.591 0.297 0.576 0.289 0.560 0.277
1.01 0.621 0.283 0.590 0.286 0.573 0.287 0.560 0.272
1 0.621 0.281 0.589 0.284 0.573 0.286 0.559 0.270
4.3. Arrays of spheres
While for two spheres in viscous ﬂow analytical results exist, for three or more spheres only numerical
results are available. Here, we consider an ensemble of m spheres with radius  lined up with the free-
stream velocity and distance d between their centers, see Fig. 2. Tables 2 and 3 summarizes the drag
correction factors i = −8i/(6u∞) for the outer o and the center sphere c. The separation
parameter d/(2) ranges between 16 and 1 and we consider m= 3 . . . 6 spheres.
Fig. 3 shows the drag correction factor for the ﬁrst, third and ﬁfth sphere in a chain ofm= 10 spheres.
The separation parameter d/(2) varies between 16 and 1. One set of singularities placed inside each
sphere is used and the error functional  attains values of at most 10−3 for d/(2)= 1.05.
For m large and d/(2)= 1, the array of spheres tends to a cylinder. In this case, analytic results due
to Cox [5] are available. The total force acting on a circular cylinder of length l and radius r is given by
FCox = 2lu∞ln(l/)− 3/2+ ln 2 + O
(
lu∞
(ln l/)3
)
. (13)
Fig. 4shows the drag correction factors
Cox = FCox6u∞m, (14a)
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Table 3
Drag correction factors for m spheres using n= 4 sets of singularities
m= 3 m= 4 m= 5 m= 6
d/(2) o c o c o c o c
16 0.935 0.912 0.923 0.893 0.914 0.875 0.907 0.863
10 0.901 0.865 0.884 0.838 0.871 0.812 0.862 0.796
8 0.881 0.835 0.860 0.804 0.846 0.774 0.835 0.756
6 0.849 0.789 0.825 0.752 0.809 0.717 0.796 0.697
5 0.826 0.755 0.800 0.715 0.782 0.677 0.769 0.655
4 0.795 0.707 0.767 0.664 0.748 0.623 0.734 0.601
3 0.751 0.636 0.722 0.591 0.702 0.549 0.687 0.526
2.5 0.723 0.586 0.693 0.542 0.672 0.500 0.658 0.478
2 0.688 0.523 0.658 0.481 0.638 0.441 0.623 0.420
1.75 0.668 0.485 0.639 0.445 0.619 0.407 0.604 0.387
1.5 0.647 0.442 0.618 0.405 0.599 0.370 0.585 0.351
1.3 0.629 0.403 0.601 0.369 0.583 0.337 0.568 0.320
1.2 0.620 0.383 0.593 0.350 0.574 0.319 0.561 0.303
1.1 0.611 0.360 0.585 0.329 0.566 0.300 0.554 0.286
1.05 0.606 0.348 0.581 0.319 0.563 0.290 0.550 0.276
1.01 0.602 0.339 0.578 0.310 0.559 0.280 0.545 0.268
1 0.602 0.336 0.578 0.307 0.559 0.278 0.545 0.266
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Fig. 3. Drag correction factor  versus separation parameter d/(2). Shown are the results for the ﬁrst (‘+’), third (‘◦’) and ﬁfth
(‘∗’) sphere in a chain of 10 spheres.
= −8
∑m
k=1 k
6u∞m
, (14b)
for a chain of m spheres in contact (separation parameter d/(2)= 1).
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Fig. 4. Drag correction factors for a chain ofm spheres in contact. Shown are the analytical result Cox (‘©– –’) and the numerical
results  (‘+ –’) versus the number of spheres.
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Fig. 5. Transient behavior of a sphere in shear-ﬂow. The solid line (‘—’) shows the numerical simulation and the dashed line
(‘- - -’) the analytical result for the angular velocity. The dash–dotted line (‘-.-’) is the error functional .
4.4. One sphere is shear-ﬂow
In this section, we consider a single sphere exposed to a shear-ﬂow u∞=ky ex ,∇×u∞=(0, 0, −k).
Theoretical results yield that the sphere rotates with an angular velocity of 0= 12 ∇ × u∞, see [16]. For
the numerical simulation we place a sphere with initially angular velocity = 0 at the origin, use n= 5
sets of singularities to compute the forces f and the torques g and integrate the Eq. (3) using a forward
Euler method. Fig. 5 shows the transient behavior of the angular velocity of the sphere.
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Table 4
Ensemble of two spheres in a shear-ﬂow. Listed are either the force f or the drag correction factor , the torque correction factor
 and the error functional 
Along ex -axis Along ey -axis Along ez-axis
d/(2) f [ey ]       
10 0.024 1.000 3.18 · 10−5 0.780 0.961 1.96 · 10−4 1.000 3.18 · 10−5
5 0.099 0.998 3.14 · 10−5 0.810 0.922 8.29 · 10−5 0.999 3.18 · 10−5
2.5 0.393 0.986 4.01 · 10−5 0.880 0.847 5.41 · 10−5 0.992 3.21 · 10−5
2 0.594 0.974 4.84 · 10−4 0.918 0.814 4.38 · 10−5 0.985 3.30 · 10−5
1.5 0.957 0.946 1.65 · 10−4 0.987 0.771 5.83 · 10−5 0.965 4.31 · 10−5
1.25 1.221 0.917 5.45 · 10−4 1.045 0.744 1.04 · 10−4 0.942 8.29 · 10−5
1.1 1.338 0.887 1.03 · 10−3 1.092 0.732 2.96 · 10−4 0.921 1.96 · 10−4
1.05 1.323 0.871 1.29 · 10−3 1.113 0.723 7.78 · 10−4 0.912 3.02 · 10−4
1.005 1.193 0.848 1.31 · 10−3 1.122 0.738 4.01 · 10−4 0.903 4.80 · 10−4
4.5. Two spheres in shear-ﬂow
A single sphere of unit radius placed at q = (q1, q2, q3) exposed to a shear ﬂow u∞ = kyex will
experience a force 6kq2 in ex-direction and a torque g = −4k around the ez-axis. Adding a second
sphere to this scenario alters the situation. To study the inﬂuence of the second sphere, we place two
spheres of radius = 1 symmetrically around the origin with separation parameter d/(2) along one of
the coordinate axis. Table 4 lists the results for the acting forces and torques.
The torque acting on each sphere decreases as the two spheres approach each other. This behavior is
clearly visible from the torque correction factor = g/(−4k) and can be explained by considering the
gap between the two spheres. Since both rotate with the same angular velocity, they have opposite surface
velocities at the gap. Hence, there are large velocity gradients and the viscous forces cause the decrease
of the torque. If the two spheres are placed along the ex-axis, the spheres experience opposite forces in
the ey-direction. If the spheres are placed along the ey-axis, they experience additionally a force in the
ex-direction due to the ﬂow (reported via the drag correction factor = f/(6kq2)). Placing the spheres
in the ez-direction renders no forces acting on them and also the torque reduction is considerably smaller
compared to the placement in the ex-direction. Fig. 6 visualizes the dependence of the torque correction
factor for two spheres on the separation parameter d/(2) and the placement of the spheres.
The reduced torque acting on the two spheres will also reduce their rotational velocity. Fig. 7 shows
the computed values of the normalized angular velocity /0 for two spheres placed at positions q =
(±d/2, 0, 0) in a shear ﬂow u∞ = ky ex . Besides the numerical results we also include the result of a
ﬁrst order asymptotic expansion for large separation parameters d/(2)?1.
5. Conclusions
We have applied the singularity method to low-Reynolds number ﬂow past an ensemble of particles.
The strength and positions of the poles of the fundamental solution were obtained by minimizing the
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Fig. 6. Torque correction factor  for two spheres in a shear ﬂow versus the separation parameter d/(2). Placement along the
ex -axis corresponds to (‘+ –’), along ey -axis to (‘© –’) and along ez-axis to (‘∗ –’).
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Fig. 7. Normalized angular velocity /0 versus separation parameter d/(2) of two spheres in shear ﬂow. The solid line (‘—’)
shows the numerical results and the dashed line (‘+– –’) corresponds to an asymptotic expansion for d/(2) large.
L2-error in the boundary conditions. Numerical simulations were carried out for ensembles of spheres
immersed in a uniform or shear ﬂow. The results illustrate the applicability and accuracy of the method to
even rather complex applications. An extension to nonspherical objects and more general ﬂow situations
is easily available and might yield promising results for applications like ﬁber-reinforced polymers or
colloids.
References
[1] J.F. Brady, G. Bossis, Stokesian dynamics, Ann. Rev. Fluid. Mech. 20 (1988) 111–157.
T. Götz / Journal of Computational and Applied Mathematics 175 (2005) 415–427 427
[2] S.T. Chung, T.H. Kwon, Numerical simulation of ﬁber orientation in injection moulding of short-ﬁber-reinforced
thermoplastics, Polym. Eng. Sci. 7 (35) (1995) 604–618.
[3] A.T. Chwang, T.Y. Wu, Hydromechanics of low-Reynolds number ﬂow. 2. Singularity methods for Stokes ﬂow, J. Fluid
Mech. 67 (4) (1975) 787–815.
[4] A.T. Chwang, T.Y. Wu, Hydromechanics of low-Reynolds number ﬂow. 4. Translation of spheroids, J. Fluid Mech. 75 (4)
(1976) 677–689.
[5] R.G. Cox, The motion of long slender bodies in a viscous ﬂuid. 1. General theory, J. Fluid Mech. 44 (4) (1970) 791–810.
[6] J. Cui, Finite pointset methods on the sphere and their application in physical geodesy, Ph.D. Thesis, University of
Kaiserslautern, Germany, 1995.
[7] T. Da¸bros´,A singularity method for calculating hydrodynamic forces and particle velocities in low-Reynolds number ﬂows,
J. Fluid Mech. 156 (1985) 1–21.
[8] G. Fairweather,A. Karageorghis, Themethod of fundamental solutions for elliptic boundary value problems,Adv. Comput.
Math. 9 (1998) 69–95.
[9] F. Folgar, C.L. Tucker, Orientation behavior of ﬁbers in concentrated suspensions, J. Reinforced Plastics Composites 3
(1984) 98–119.
[10] X. Fan, N. Phan-Thien, R. Zheng, A direct simulation of ﬁbre suspensions, J. Non-Newtonian Fluid Mech. 74 (1998)
113–135.
[11] T. Götz, Coupling heat conduction and radiative transfer, J. Quantum Spectrosc. Rad. Trans. 72 (2002) 57–73.
[12] J. Happel, H. Brenner, Low-Reynolds number hydrodynamics, Noordhoff International Publishing, Leiden, 1973.
[13] J. Lighthill, Mathematical Bioﬂuid dynamics, SIAM, Philadelphia, PA, 1975.
[14] S. Nasseri, N. Phan-Thien, Hydrodynamic interaction between two nearby swimming micromachines, Comput. Mech. 20
(6) (1997) 551–559.
[15] H. Ogata, K. Amano, M. Sugihara, D. Okano, A fundamental solution method for viscous ﬂow problems with obstacles in
a periodic array, J. Comput. Appl. Math. 152 (2003) 411–425.
[16] C. Pozrikidis, Boundary integrals & singularity methods for linearized viscous ﬂow, Cambridge Texts in Applied
Mathematics, vol. 8, Cambridge University Press, Cambridge, 1992.
[17] C. Pozrikidis, Dynamic simulation of the ﬂow of suspensions of two-dimensional particles with arbitrary shapes, Eng.
Anal. Boundary Elements 25 (1) (2001) 19–30.
[18] W.H. Press et al., Numerical Recipes in C, second ed., Cambridge University Press, Cambridge, 1995.
[19] M. Shelley, T. Ueda, The Stokesian hydrodynamics of ﬂexing, stretching ﬁlaments, Physica D 146 (2000) 221–245.
[20] M. Stimson, G.B. Jeffery, The motion of two spheres in a viscous ﬂuid, Proc. Roy. Soc. London (A) 111 (1926) 110–116.
[21] G. Taylor, Analysis of the swimming of long and narrow animals, Proc. Roy. Soc. London Ser. A 214 (1952) 158–183.
[22] S. Yamamoto, T. Matsuoka, Viscosity of dilute solutions of rodlike particles: a numerical simulation method, J. Chem.
Phys. 100 (4) (1994) 3317–3324.
[23] S. Yamamoto, T. Matsuoka, Dynamic simulation of ﬁber suspensions in shear ﬂow, J. Chem. Phys. 105 (5) (1995) 2254–
2260.
[24] H. Zhou, C. Pozrikidis, Adaptive singularity method for Stokes ﬂow past particles, J. Comput. Phys. 117 (1995) 79–89.
